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Let us consider the wave operator in R3 0 = a: - 82 -a-z, and the 





It is well-known [ 1; 3; 5, Theorem 8.9.43 that this problem does not have 
a unique solution: it is possible to find a, ZJ E Cm( R3), flat on x = 0, such 
that 
q u+au=O. 
On the other hand, the “compact” uniqueness is true for this problem 
[8; 6, Theorem 28.4.31: if we assume 
q u+au=O 
4 x < 0 =o 
suppu n {x = 0) compact, 
then we obtain u E 0 (near {x = O}). 
The following question arises in Mathematical Physics [7]: if the pertur- 
bation a depends only on the “elliptic” variables (x, y), does the uniqueness 
hold? That is, if 
afu-a2,u-a~+++, Y)U=O 
4 x<o = 0, 
does it follow that u = O? 
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In this paper, we give a positive answer to the question for a global 
problem. We prove here that if P(x, D,) is an elliptic operator of order 2 
with C” coefficients and positive principal symbol in R”, then the problem 
D;u - P(x, D,z) = 0 
has only the trivial solution. 
The first remark in the proof is that such a solution is at most exponen- 
tially increasing in the “time variable” because of the strict hyperbolicity 
(with respect to the level surfaces of t). It is then possible to perform a 
Fourier-Gauss transformation of the equation (here we use the fact that 
the coefficients of P are independent of t). 
The new equation is elliptic and the classical uniqueness theorem of 
Calderon [4] is applicable; the only thing to be checked at this point is the 
uniformity of the constants occurring in the proof of uniqueness by 
Carleman estimates. 
We can note here that, with the Alinhac-Baouendi theorem [ 1 ] (instead 
of Calderon’s theorem [4]), it would even be possible to prove, using the 
same techniques, a strong unique continuation result. 
An analogous result was obtained by Rauch and Taylor [9, Lemma 23 
under a global behavior assumption in time. 
1. MAIN RESULT 
Let P(x, D,) be a differential operator globally defined in [w”, 
P(x, D,) = c 4~) D;, such that a, E Cm(tRn) 
ISI < 2 
and 






THEOREM. Let P be a differential operator in 08” satisfying (l.l), (1.2), 
and (1.3). Let u(x, t) be a C” function in rWt x rW: such that u(x, 0) E 
rm(R”), (au/at)(x, 0) E H-“(w), 
(0; - P(x, D,)) u = 0 
UI x, <o = 0. 
(1.4) 
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Then u = 0. 
2. PROOF 
2.1. Energy Estimates and Exponential Behavior 
Let us first recall that a E P(R2”) belongs to S;IO if 
I(W)fa)(x, 01 G C,,(l + ltl )“-‘8’, (x, g) E R2”. (2.1) 
A more general version of the following lemma is given in [6, 
Lemma 23.1.1.1. 
LEMMA 1. Let a(x, <) be a symbol in Si,0 such that Re a E Sy,, and let 
SER. 
Zf I 2 A(s, a) and 
UEC’([O, T],H”)nC’([O, T],H”+‘) 
SUP I144~)IIWe-“‘G II~(O,~NH~ 
O<f<T 
II $ + a(x, D,) u Ii dt. H’ 
Here n(s, a) = IIRe( a(x1D,)(D)~“II~P(L2~ (with ((D)” U) = 
(1 + l&j12)“‘2 C(t)) and this can be estimated by a finite number N(s, n) of 
semi-norms of the symbol a. 
We shall now prove an energy estimate for the second order operator 
(0: -P(x, D,)) following the lines of the proof in [6, Lemma 23.2.11. 
Note that the assumption (13) guarantees the strict hyperbolicity of 
0: - P(x, D,). Then we have 
0: - P(x, D,) = CD, - 46 D,)W, + 4x, D,)) + Rib-, D,), (2.2) 
where /l(x, 5) E S:,, is elliptic and Im /l(x, 5) E Sy,,, R,(x, C) E S:,,. 
Applying Lemma 1, we obtain 
+ 2 f’e-” IIu(t)llHy+i dt lI(D)“R,(D)-“~‘ll~~L2~, (2.3) 
0 
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for i z A(s, P), where A(s, P) can be estimated by a finite number N(s, n) of 
semi-norms of P (the semi-norms of P are the constants C,, of (1.2) and 
6-l in (1.3)). 




A = A(x, 61, R = R(x, D,) 
R E op(S,;), ME oP(q;). 
We then obtain the estimate (23.2.4)’ of [6] 
sup e-“‘(Ilu(t HS+I + Il(D,u)(t)llw) 
O<IdT 
6 C(s, P)(Il4O)llw+l+ II(D,u)(O)llw) 
+ C(s, P) joTe-i’ IIP: - PI u(t)11 w dt 
+ Ch P) ~Te-“tW(~)llHs-~ + ll(D,u)(t)llHs) dt 
0 
(2.4) 
for I > ,I(s, P) where n(s, P) and C(s, P) ( 2 1) can be estimated by a finite 
number N(s, P) of semi-norms of P. For To = 1/2C(s, P) we obtain 
G~~l~lllu(0)lll+jo~oe~“‘ll(D:-P)u(i)ll~~d~}. (2.5) 
where III~IIls= IIuIIHs+l+ IIDt41Hd. 
It is then easy to prove by induction on k B 1 that 
sup Ill4r+ b- 1) 7’o)llls 
O<I<TO 
< (e”%T,- l 1” ( Ill 40) Ills + jy” II@: - f’) u(t)llw df . (2.6) 
And if u satisfies (0: - P(x, D,)) u = 0, then 
sup (Il4~)llw+~ + IID,u(t)ilH~)e-“(S.P)‘r’P(,, P)-’ 
rsR 
< Ib(O)llw+~ + IlD,4ONw, (2.7) 
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where ~((3, P) = A(s, P) + 2C(s, P) log 2C(s, P) and /3(s, P) = 2C(s, P) 
eih P~I2C(s, P) 
2.2. Fourier-Gauss Transformation 
Let u be a solution of (1.4). We lirst remark that D;ku is also a solution 
of (1.4) and, by (2.7), we can consider 
12(x, s) = 
s 
e-(1’2)(r+is)2u(x, t) dt, (2.8) 
R 
and then we obtain that 
(P(x, D,) + Df) ~3 = 0 
fil x, <o = 0. 
(2.9) 
But the operator P+ 0: is now elliptic of order 2 with real principal 
symbol, and Calderon’s theorem [4] (or [6, Theorem 17.2.11) gives that 
for (x,, so) = (xol, xo2, . . . . xon, so) E R” x R with xol = 0 there exists p > 0 
such that ii(x, s) = 0 on Ix - x01 + Is - soI < p. The uniformity assumptions 
(1.2) and (1.3) allow us to claim that p can be chosen independently of 
(x0, so) (x01 = 0). 
Let Q(y, Dy) be a differential operator in an open set 52 of [WN(O~ Sz) 
such that the following Carleman estimate holds, 
(2.10) 
C,, A, E depending on the semi-norms of Q in 52. Let us take x E C,“(Q) 
and a, a solution of QU = 0 in a, ulY, <o = 0. Then we have 
Ile-‘ILCQ, xl ~11~23 Cplle-Y~Lx4L2. (2.11) 
If x,(y) = cp( Iyl */p*) (cp E Cr( R), cp - 1 near 0), one clearly obtains 
where pi depends only on the semi-norms of Q and 0 > 0. So letting y tend 
to + co one gets the result. We have thus determined that z? defined in (2.8) 
is 0 for all s E R and all x E IX” such that x1 < 6, (6, > 0). But 
6(x, s) eCGi2 = 
s 
(u(x, r) ept2j2) epifsdt, R 
and the Fourier inversion formula gives U(X, t) = 0 for x1 <a,, Jo > 0, 
which is the required result. 
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